Introduction
In geometry, various notions of hyperbolicity have been introduced, and the appellation "hyperbolic" is intended to signify that a space shares some of the geometric properties that distinguish the standard model SO(n; 1)=SO(n) from the Euclidean space. Thus, typical examples are manifolds that have negative curvature in a suitable sense.
The starting point for the present investigation is Gromov's notion of K ahler hyperbolicity G1] . Let (X; !) be a compact K ahler manifold with K ahler form !: It is called K ahler hyperbolic if the lifting! of ! to some covering X ! X is of the form! = d with a 1-form that is bounded w.r.t. the metric onX induced by the K ahler form!: Of course, this condition is satis ed on the Poincar e hyperbolic disk, but not on Euclidean space. More generally, the typical examples of K ahler hyperbolic manifolds are locally Hermitian symmetric spaces of noncompact type. Gromov showed that for a K ahler hyperbolic manifold X with a coveringX as above, the L 2 cohomology ofX vanishes except in the middle dimension dim C X: In the case of a K ahler manifold with negatively pinched sectional curvature, this was independently shown by M. Stern St] .
One of the points of the present note is that in contrast to what one might expect from Gromov's work, this vanishing theorem does not distinguish negatively curved spaces from at ones. More precisely, we wish to introduce a condition that is weaker than Gromov's and includes at spaces but that still allows one to deduce such vanishing theorems. Thus, in a geometric sense, the line of distinction will be drawn not between negatively and nonpositively curved spaces, but rather between nonpositively and positively curved ones.
In this note we demonstrate a Gromov type vanishing theorem for the cup product between L 2 ?cohomology on some in nite coverings of X and the so calledd(linear growth) cohomology classes on X (see the de nition below). This theorem has some interesting applications in algebraic geometry. For example, it easily implies the Green{Lazarsfeld vanishing theorem for cohomology groups of generic at line bundles over X . Also some new theorems are proved. We obtain a generalization of the Green{Lazarsfeld type vanishing theorem in the non abelian case (Theorem 2') using the Busemann function technique due to Philippe Eyssidieux (see below) and theorems of harmonic maps into Bruhat{Tits buildings and Higgs bundles, and we also verify Koll ar's conjecture about (K X ) for large 1 (X) in the representation case (Theorem 4). Also, we are able to verify the Hopf-Singer conjecture on the sign of the Euler characteristic of a compact Riemannian manifold of nonpositive curvature in the K ahler case (see Cor. 1).
Remark: Recently, Philippe Eyssidieux E2] also proved a similar type vanishing theorem for L 2 ?cohomology and derived the Green{Lazarsfeld vanishing theorem independently. In his thesis E1] (June 1994, Orsay) he proved also this kind of statement for large variations of Hodge structures. In fact, the existence of a K ahler form ofd(linear growth) in the general case is based partly on his theorem. We thank him for pointing out an error in the rst version of our paper. We also thank the referee for bringing some inaccuracies in the paper to our attention.
Synopsis
In order to prepare our de nition, let (X; g) be a compact Riemannian manifold. A closed di erential form on X with coe cients in a metrized local system (V; h) is calledd(linear growth) if for some coveringX ! X; the lifting~ is of the formd with jj (x)jj~g ;h c distg(x; x 0 ) + c 0 ;
where c and c 0 are constants ( that may depend on and x 0 but not on x ), whered is the exterior derivative onX;g is the lift of the Riemannian metric g toX; and x 0 is an arbitrary point inX:
In order to familiarize ourselves with this notion, we present the following example of H. Whitney: For a di erential q?form ! on a Riemannian manifold (X; g); one puts: jj!jj 1 := Supf!(e 1 ; :::; e q )g; where e 1 ; :::; e q are unit tangent vectors at some x 2 X: For a cohomology class 2 H q (X); one puts jj jj := Inf !2 jj!jj 1 :
This in mum is always achieved on a compact X; i.e. there exists some ! 0 2 with jj! 0 jj 1 = jj jj ; but this ! 0 need not to be unique.
Let X be compact, ! 0 be a closed 1-form and let :X ! X be the Galois covering corresponding to the homomorphism 1 (X) ! H 1 (X; Z): Then the pull back satis es (! 0 ) =df; wheref :X ! R is a Lipschitz function with Lipschitz constant jj jj : This shows Prop.1 Any closed 1-form on a compact Riemannian manifold isd (linear growth).
Of course, this may also be veri ed by integration along geodesic paths, but the preceding construction yields the optimal constant for the growth condition.
Remark: The fundamental group strongly in uences the growth of primitive forms of the pulled back forms of degree 2: Some examples in G2] show that they may even have exponential growth. Examples of K ahler nonelliptic manifolds 1) K ahler hyperbolic implies K ahler nonelliptic. 2) If X has nonpositive sectional curvature, then X is K ahler nonelliptic. 3) If X admits a holomorphic immersion into a torus T; then X with the pull back of the Euclidean metric of T is K ahler nonelliptic. If X admits a generically nite holomorphic map into T; then X with the pull back metric is singular K ahler nonelliptic. If X admits a holomorphic map into T; then X with the pull back metric is semi K ahler nonelliptic. 4) If some covering of X admits a pluriharmonic map into some symmetric space or Bruhat{Tits building, then the Higgs structure or the multivalued holomorphic 1-forms via this map de ne a semi K ahler nonelliptic structure on X: Consequencely, if X has a generically large reductive representation : 1 (X) ! GL n ; then X is singular K ahler nonelliptic. Question All examples above have always to do with the curvature on X; or some pluriharmonic maps on X: It would be very interesting to nd such examples only via some properties of the fundamental group. For example, X with 1 (X) of subexponential growth (see Mok's recent work This corresponds to a sequence of nite coverings of X ::: !X n !X n?1 ! ::: !X 1 ! X: 
Then Z i (2) (X) is a closed subspace of A i (2) (X) and contains the closure B i
(2) (X) of B i
(2) (X) in A i (2) (X): The (reduced) L 2 ?de Rham cohomology groups of (X; g) are de ned by
Let 4 = d d + dd be the Laplacian operating on A i (2) (X); H i (2) (X) = f 2 A i (2) (X) j 4( ) = 0g the space of harmonic L 2 ?forms, and B i
Theorem (Hodge decomposition de Rham]) Let (X; g) be an oriented complete Riemannian manifold. The following orthogonal sum decompositions hold:
Now suppose that (X; !) is a complete K ahler manifold. The Laplacian preserves the Hodge decomposition
Thus, we obtain the decomposition of Hodge type
We notice that the space H i;0 (2) (X) is nothing but the space of L 2 ?holomorphic i-forms H 0 (2) (X; i ) on X: As the K ahler form ! is parallel with respect to the Riemannian connection on (X; !); the operator ! k^: A i (2) (X) ! A i+2k
(2) (X) sends harmonic forms to harmonic forms. We have the following strong L 2 -Lefschetz theorem for complete K ahler manifolds (for example, see G1]).
(2) (X) is injective for i + k dim C X and surjective for i + k dim C X:
We return to an oriented complete Riemannian manifold (Y; h): Let be a closed i?di erential form on Y which is g?bounded. for some constant c m depending only on m: Therefore, the conclusion can be devived as in G1; 0. Theorem 2 (Green{Lazarsfeld type vanishing theorem) Let X be a compact K ahler manifold, and 1 ; :::; l be holomorphic 1-forms on X that are linearly independent at generic points of X: Suppose thatX ! X is a covering for which the liftings~ 1 ; :::;~ l are exact. Then i) H p;0 (2) (X) = 0 for p < l:
ii) If H l;0 (2) (X) 6 = 0; then there exists a proper rational mapf :X !Ỹ with dimỸ = l such that H l;0 (2) (X) factors throughf: q.e.d.
We next wish to derive an extension of Green{Lazarsfeld's theorem to the non abelian case: Let (V; h) be a metrized local system, such that h is a harmonic metric. This is equivalent to saying that V comes from a reductive linear representation of 1 (X) S1]. The harmonic metric h; equivalently an equivariant pluriharmonic map u :X ! N to the corresponding symmetric space N; gives rise to a new holomorphic structure E on the vector bundle V and the (1,0){part of the di erential d 0 u is a holomorphic section 2 H 0 (X; EndE 1 X ); satisfying ^ = 0: The pair (E; ) is called the Higgs bundle corresponding to V: Suppose V is an abelian local system. Then is nothing new but a collection of holomorphic 1-forms corresponding to V: So, we are in the Green{Lazarsfeld situation. And by Prop.1 the pull back of the euclidian metric on the torus via the Albanese map de ned by those forms gives rise to ad( linear growth)?semi K ahler form on X: Another extreme case is a local system arising from a variation of Hodge structures. This kind of local system corresponds to holomorphic maps into symmetric Hermitian spaces in the special case and horizontal holomorphic maps into Gri ths periods domains (see GS] for details). The work of Gromov G1] for the Hermitian case and the recent work of Eyssidieux E1] for the periods domain case show that X does admit ad( bounded) semi K ahler form. In general we have the following proposition:
Prop.3 Suppose that there exists a Higgs bundle (E; ) coming from a reductive local system. Then X admits a nonelliptic semi K ahler form ! 0 : And the null spaces of ! 0 coincide with the tangent spaces of the foliation de ned by :
The proof of Prop.3 is a combination of Eyssidieux's construction for ã d( bounded) semi K ahler form via Busemann functions on symmetric spaces and pluriharmonic maps into Bruhat{Tits buildings. We postpone it to Section 6.
The following generalization of the Green{Lazarsfeld type vanishing theorem in the non abelian case is derived from a Gromov type vanishing theorem, Theorem 3 below.
Theorem 2' Suppose X is a projective variety and (E; ) is a Higgs bundle coming from a reductive linear representation of 1 (X): Then H 0 (2) (X; i ) = 0 for i < rank ;
where rank is de ned as the rank of the map : EndE ! 1 :
The proof follows directly from Prop.3 and iii) in Theorem 3 below. q.e.d.
Our second type vanishing theorem is applicable for so called K ahler nonelliptic manifolds (also including singular ones), i.e. there exists a covering (X;!) ! (X; !) such that! = d(linear growth):
The main examples of such manifolds are: manifolds of nonpositive sectional curvature, generically nite maps into holomorphic tori, harmonic maps with maximal rank at generic points into symmetric spaces and into Bruhat{Tits buildings (see Section 6).
Theorem 3 (Gromov type vanishing theorem) i) Suppose that (X; !) is a compact K ahler nonelliptic manifold. Then H i (2) (X) vanishes except possibly for i = dim C X:
ii) Suppose that (X; !) is compact K ahler manifold, and there exists a singular K ahler nonelliptic form ! 0 on X; i.e. ! 0 is a closed 2-form on X of (1,1)-type that is positive de nite on a nonempty Zariski open subset X 0 X and ! 0 isd(linear growth): Then H 0 (2) (X; i ) vanishes except possibly for i = dim C X: iii) Suppose that the following two conditions hold: a) Let X be a projective algebraic manifold, and suppose there exists a semi K ahler nonelliptic form ! 0 on X: i.e. ! 0 is a closed 2-form on X of (1 , So, in order to prove Claim 1 it is enough to show that for any n we have h i;0 (Ỹ n ) = h i;0 (X n ) 0 i dim Y ? 1 = r ? 1:
SinceỸ n =D 1 \:::\D l is the intersection of the ample divisorsD 1 ; :::;D l oñ X n ; by applying the Lefschetz hyperplane theroem for cohomology groups successively we get the the equality. Claim 1 is proved. Hence, iii) is complete. whereũ :X !Ñ is the lift of u.
Since the composition of a convex function with a pluriharmonic map is plurisubharmonic, ! 0 is nonnegative. In fact, it is positive de nite at generic points since u is assumed to be generically of maximal rank, and ' is strictly convex. Since ' has gradient of linear growth, and the derivative of u is bounded as X is compact, ! 0 is d (linear growth). Altogether, (X; !; ! 0 ) is singular K ahler nonelliptic and Theorem 3, ii) applies. q.e.d.
Vanishing theorems in algebraic geometry
Our rst application here is to reprove some vanishing or nonvanishing theorems in algebraic geometry. The general idea is simple. On one hand, we use Kazhdan's theorem K] to produce some L 2 -cohomology class on some in nite coveringX 1 ! X via algebraic cohomology classes on sequences of algebraic coverings that converge toX; provided the growth of algebraic cohomology groups is proportional to the growth of degrees of the coverings. On the other hand, some cohomology class on the initial manifold is going to be exactX: We may applying this idea to the following interesting problem, so called the generic vanishing theorem for cohomology groups of local systems in algebraic geometry. In this paper we only consider the rank-1 case, which has been studiet by Green and Lazarsfeld Gl] . We consider the Picard variety Pic 0 (X) of X: It is the moduli space of rank-1 unitary local systems ( at line bundles) on X: Let Using the same argument we also reprove a Nakano{type generic vanishing theorem, which is again due to Green-Lazarsfeld. The statement here is weaker than the original one (c.f. GL]).
Corollary 4 (Nakano-type generic vanishing theorem of Green-Lazarsfeld) Suppose that X is a compact K ahler manifold that admits an immersion X ! T into a holomorphic torus. Then h p;q (X; L) = 0 for generic L 2 Pic 0 (X) and p + q < dim X: Proof Let ! = P i dz i^d z i be the at K ahler metric on T: The pull back of ! to X via the immersion is a K ahler metric on X: Further, let ::: !X i !X i?1 ! ::: !X 1 ! X be the sequence of coverings constructed in the proof of Cor.3. One checks easily that the lifting! is d(linear growth): Hence, from Theroem 3 H i (2) (X) is zero for i < dim X:
If there were some p + q < dim X such that h p;q (X; L) 1 for all L 2
Pic 0 (X); then by applying Kazhdan's theorem as above, we would get a non zero class in H p;q (2) (X 1 ): A contradiction. q.e.d.
In fact, Arapura Ar] and Simpson S2] have the following description of the subvariety S i (X) := fL 2 f1{dim. local systemsjH 1 (X; L) 6 = 0g; they have shown that S i (X) is a union of translates of subtori of C b 1 (X) : Simpson shows further that these translates of subtori are translations by torsion points. As a consequence, they reproved a theorem of Green{Lazarsfeld, namely that the subvariety S i u (X) = fL 2 Pic 0 (X) j H i (X; L) 6 = 0 g; is a union of translates of subtori of Pic 0 (X): Combining those descriptions and the same argument as above, we may also reprove the general form of Green{Lazarsfeld's vanishing theorem. We omit the details.
6 Further examples of singular K ahler nonelliptic manifolds and (K X ) of Shafarevich varieties A special and important class of Shafarevich varieties are locally symmetric Hermitian spaces X =X=?: In this case the Shavarevich map is the identity map. Gromov G1] showed that the invariant K ahler form isd(bounded):
And using the metric he proved a vanishing theorem for L 2 ?cohomology except in the middle dimension dim C X: An important generalization along this direction was obtained by P. Eyssidieux E1]. He considered the Gri ths{period map f : X ! D=? corresponding to a variation of Hodge{structures. Suppose that f is an immersion (this means that the corresponding representation 1 (X) ! ? is large).
Then X admits a K ahler hyperbolic metric. We will discuss his argument below.
However, in the most general case there is no hope to get a K ahler hyperbolic metric. A typical example is in the Green{Lazarsfeld vanishing{theorem where we have holomorphic maps into tori. We can only get some K ahler nonelliptic metrics. So, we must replace K ahler hyperbolic metrics by K ahler nonelliptic ones in the general case. We have seen in Section 4 that the existence of this kind of metrics is strong enough to deduce vanishing theorems.
We start with a compact K ahler manifold (X; !) that admits a reductive representation : 1 (X) ! GL n (C): This means that the Zariski closure 1 (X) is a reductive algebraic group and decomposes into an almost direct product of a torus G 0 and some almost simple groups G i ; i 1 , The semisimple part W s is just the complexi ed tangent space of a at A N of maximal dimension passing through u(x):
The main idea here is that we shall construct a K ahler form as a sum of a K ahler form that is non degenerate in the W n ?direction, and a K ahler form that is non degenerate in the W s ?direction. By a proper choice of q; each tangent vector in N is contained in a unique maximal at going through q: Consequently, pulling back the Hessian of such a Busemann function under a holomorphic map yields the desired form onX:
However, if the map is only pluriharmonic instead of holomorphic, then @ @(' q u) does not necessarily have a positive lower bound anymore as in the third inequality in Prop. 4.5.1 of E1]. It is still nonnegative, because the composition of a convex function with a pluriharmonic map is plurisubharmonic, and it is not identically zero, because even if the image of u should be contained in a at, we may choose q not contained in this at. (One might also take sums of Busemann functions.) Since we have a stronger vanishing theorem at our disposal (see Thm. 1 and Thm. 3 (ii) and Cor. 2) than E1], we may get by below with those weaker properties.
We return to the general case. We come back to our situation. If the original is large then by the semicontinuity theory 0 is again large. In general we may use the Shafarevich map sh : X ! Sh(X):
The representation factors through sh ; and is large on Sh(X): So, we may work on Sh(X) to obtain such a representation 0 : u (x i )^ i ) u ?1 (A) ):
The main point here is that we can piece all of these primitive forms on u ?1 (A) together to obtain a global primitive form onX
The following discussion of a ne coordinates can be found in B] . Fixing a vertex p 0 2 4; then for any point p 2 4 we may nd an apartment A containing p 0 and p (not unique). We choose those linear functions fx 1 ; :::; x l g A on A that vanish on p 0 ; and de ne restricted on the preimage of A as j u ?1 (A) 
u (x i )^ i ) u ?1 (A) 
